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Abstract. For a field F of characteristic zero and an additive subgroup G of F, a Lie algebra
B(G) of Block type is defined with basis {Lα,i, c |α ∈ G, −1 ≤ i ∈ Z} and relations [Lα,i, Lβ,j] =
((i+1)β − (j+1)α)Lα+β,i+j +αδα,−βδi+j,−2c, [c, Lα,i] = 0. Given a total order ≻ on G compatible
with its group structure, and any Λ ∈ B(G)∗0, a Verma B(G)-module M(Λ,≻) is defined, and the
irreducibility of M(Λ,≻) is completely determined. Furthermore, it is proved that an irreducible
highest weight B(Z )-module is quasifinite if and only if it is a proper quotient of a Verma module.
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§1. Introduction
Block [B] introduced a class of infinite dimensional simple Lie algebras over a field of
characteristic zero. Generalizations of Block algebras (usually referred to as Lie algebras
of Block type) have been studied by many authors (see, for example, [DZ, LT, S1, S2, X1,
X2, WZ, ZM]). Partially because they are closely related to the Virasoro algebra (and some
of them are sometimes called Virasoro-like algebras), these algebras have attracted some
attention in the literature.
Let F be a field of characteristic 0 and G an additive subgroup of F. The Lie algebra B(G)
of Block type considered in this paper is the Lie algebra with basis {Lα,i, c |α ∈ G, i ∈ Z ,
i ≥ −1} and relations
[Lα,i, Lβ,j] = ((i+ 1)β − (j + 1)α)Lα+β,i+j + αδα,−βδi+j,−2c, [c, Lα,i] = 0. (1.1)
Let
B(G)α = span{Lα,i| i ≥ −1}+ δα,0Fc. (1.2)
Then B(G) = ⊕α∈GB(G)α is G-graded (but not finitely graded). Throughout this paper, we
fix a total order “ ≻” on G compatible with its group structure. Denote
G+ =
{
x ∈ G
∣∣ x ≻ 0
}
, G− =
{
x ∈ G
∣∣ x ≺ 0
}
.
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Then G = G+ ∪
{
0
}
∪ G−. Setting B(G)± = ⊕±α≻0B(G)α, we have the triangular decom-
position
B(G) = B(G)− ⊕ B(G)0 ⊕ B(G)+.
Note that B(G)0 = span{L0,i | i ≥ −1} ⊕ Fc is a commutative subalgebra of B(G) (but it is
not a Cartan subalgebra).
A B(G)-module V is quasifinite if V is finitely G-graded, namely,
V = ⊕α∈GVα, B(G)αVβ ⊂ Vα+β, dimVα <∞ for α, β ∈ G.
Quasifinite modules are closed studied by some authors, e.g., [KL, KR, S1, S2]. In [S1], it
is proved that a quasifinite irreducible B(Z)-module is a highest or lowest weight module
and the quasifinite irreducible highest weight modules are classified. The main result of this
paper is the following.
Theorem 1.1 (1) An irreducible highest weight B(Z)-module is quasifinite if and only if
it is a proper quotient of a Verma module.
(2) Let Λ ∈ B(G)∗0. With respect to a dense order “ ≻” of G (cf. (2.3)), the Verma B(G)-
module M(Λ,≻) is irreducible if and only if Λ 6= 0. Moreover, in case Λ = 0, if we
set
M ′(0,≻) =
∑
k>0, α1,··· ,αk∈G+
FL−α1,i1 · · ·Lαk ,ikv0,
then M ′(0,≻) is an irreducible submodule of M(0,≻) if and only if for all x, y ∈ G+,
there exists a positive integer n such that nx ≻ y.
(3) With respect to a discrete order “ ≻” (cf. (2.4)), the Verma B(G)-module M(Λ,≻) is
irreducible if and only if Ma(Λ,≻) is an irreducible B(aZ)-module.
§2. Verma modules over B(G)
Let U = U(B(G)) be the universal enveloping algebra of B(G). For any Λ ∈ B(G)∗0 (the
dual space of B(G)0), let I(Λ,≻) be the left ideal of U generated by the elements
{Lα,i | α ≻ 0, i ≥ −1} ∪ {h− Λ(h) · 1 | h ∈ B(G)0}.
Then the Verma B(G)-module with respect to the order “≻” is defined as
M(Λ,≻) = U/I(Λ,≻).
By the PBW theorem, it has a basis consisting of all vectors of the form
L−α1,i1L−α2,i2 · · ·L−αk,ikvΛ,
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where vΛ is the coset of 1 in M(Λ,≻), and
−1 ≤ ij ∈ Z , 0 ≺ α1 4 · · · 4 αk, and is ≤ is+1 if αs = αs+1.
Note that M(Λ,≻) is a highest weight B(G)-module in the sense that M(Λ,≻) = ⊕α40Mα,
where M0 = FvΛ, and Mα for α ≺ 0 is spanned by
L−α1,i1L−α2,i2 · · ·L−αk,ikvΛ, (2.1)
with ij ≥ −1, 0 ≺ α1 4 · · · 4 αk, and α1 + · · · + αk = −α. Thus M(Λ,≻) is a G-graded
B(G)-module with dimM−α =∞ for any α ∈ G+.
We call a nonzero vector u ∈Mα a weight vector with weight α. For any a ∈ G, denote
B(aZ) = span{Lna,k | a ∈ Z , k ≥ −1},
a subalgebra of B(G) isomorphic to B(Z). We also denote
Ma(Λ,≻) = B(aZ)-submodule of M(Λ,≻) generated by vΛ.
Denote
B(α) = {β ∈ G | 0 ≺ β ≺ α} for α ∈ G+. (2.2)
The order “ ≻” is called dense if
#B(α) =∞ for all α ∈ G+, (2.3)
it is discrete if
B(a) = ∅ for some a ∈ G+. (2.4)
Proof of Theorem 1.1(2) and (3). (2) Suppose the order “ ≻” is dense. For each m ∈ N =
{1, 2, ...}, set
Vm =
∑
0≤s≤m, i1,···is≥−1
0≺α14···4αs
FL−α1,i1 · · ·L−αs,isvΛ, (2.5)
where is ≤ is+1 if αs = αs+1. It is clear that Lα,kVm ⊆ Vm for any α ∈ G+, k ≥ −1.
Let u0 6= 0 be any given weight vector in M(Λ,≻). We want to prove that vΛ ∈
U(B(G))u0 if Λ 6= 0. We divide the proof into four steps:
Step 1. We claim that there exists some weight vector u ∈ U(B(G))u0 such that, for
some r ∈ N,
u ≡
∑
k1,··· ,kr∈N
akL−εr ,kr · · ·L−ε1,k1vΛ (mod Vr−1) for some ak ∈ F,
3
where 0 ≺ εr ≺ · · · ≺ ε1, and 0 6= ak ∈ F for some k = (kr, · · · , k1).
It is clear that u0 ∈ Vr \ Vr−1 for some r ∈ N. If r ≤ 1, our claim clearly holds. So we
assume that r > 1. Hence we can write
u0 ≡
∑
0≺α14···4αr
aα,iL−α1,i1 · · ·L−αr ,irvΛ (mod Vr−1) for some aα,i ∈ F,
where α = (α1, ..., αr), i = (i1, ..., ir), and we denote
(α, i) = (α1, ..., αr, i1, ..., ir).
Let I =
{
(α, i) | aα,i 6= 0
}
. By assumption, I 6= ∅. For any α and α′ = (α′1, · · · , α
′
r), we
define
α ≻ α′ ⇐⇒ ∃ s ∈ {1, ..., r} such that αs ≻ α
′
s, and αt = α
′
t for t > s. (2.6)
Similarly, for any i and i′ = (i′1, · · · , i
′
r), we define
i > i′ ⇐⇒ ∃ s ∈ {1, ..., r} such that is > is, and it = i
′
t for t > s. (2.7)
For any (α, i), (α′, i′) ∈ I, we define
(α, i) ≻ (α′, i′) ⇐⇒ α ≻ α′, or α = α′, i > i′. (2.8)
Let
(β, j) = (β1, · · · , βr, j1, · · · , jr), 0 ≺ β1 4 · · · 4 βr,
be the unique maximal element in I. Then we can write β as
β = (β1, ..., βs, βr, ..., βr) for some s ∈ {1, ..., r}.
By the assumption that “ ≻ ” is a dense order, we can always find some ε1 ∈ G+ such that
ε1 ≺ β1 and {x ∈ G+ | βr − ε1 ≺ x ≺ βr} ∩ {αr, αr−1 | (α, i) ∈ I for some i} = ∅.
Using relations (1.1), and noting that βr−ε1−αk ≻ 0 if αk 6= βr, k ∈ {1, · · · , r}, by choosing
k1 ≫ 0 with k1 ∈ N , we see that
u1 := Lβr−ε1,k1u0 ≡
∑
0≺α14···4αr−1, k′1∈N
a
(1)
α,jL−ε1,k′1L−α1,i1 · · ·L−αr−1,ir−1vΛ (mod Vr−1),
for some a
(1)
α,j ∈ F. Set
I(1) =
{(
ε1, α1, · · · , αr−1, k
′
1, i1, · · · , ir−1
) ∣∣ a(1)α,i 6= 0
}
.
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The coefficient corresponding to
(β(1), j(1)) = (ε1, β1, · · ·βr−1, k1 + js+1, j1, · · · , jr−1)
((β(1), j(1)) maybe not the maximal element in I(1)) is
−m((k1 + 1)βr + (js+1 + 1)(βr − ε1))aβ,j 6= 0 for some m ∈ N .
Thus I(1) 6= ∅.
Now for p = 2, · · · , r, we define recursively and easily prove by induction that
(i) Let εp ∈ G+ such that εp ≺ εp−1 and
{
x ∈ G | βr−p+1 − εp ≺ x ≺ βr−p+1
}
∩
{
αr−p+1, αr−p | (α, j) ∈ I
(p−1)
}
= ∅.
(ii) Choose kp ≫ 0 and let up = Lβr−p+1−εp,kpup−1. Then, for some a
(p)
α,j ∈ F,
up ≡
∑
0≺α14···4αr−p
a
(p)
α,jL−εp,k′p · · ·L−ε1,k′1L−α1,i1 · · ·L−αr−p,ir−pvΛ (mod Vr−1).
(iii) Let
I(p) =
{
(εp, · · · , ε1, α1, · · · , αr−p, k
′
p, · · · , k
′
1, i1, · · · , jr−p) | a
(p)
α,j 6= 0
}
.
Then I(p) 6= ∅.
Now our claim follows immediately by letting p = r.
Step 2. We claim that there exists some weight vector u ∈ U(B(G))u0 such that, for
some r ∈ N,
u ≡ L−εr ,kr · · ·L−ε1,k1vΛ (mod Vr−1),
where kj ≥ −1, and 0 ≺ εr ≺ · · · ≺ ε1.
By Step 1, there exists some weight vector u ∈ U(B(G))u0 such that, for some r ∈ N,
u ≡
∑
k1,··· ,kr∈N
akL−εr ,kr · · ·L−ε1,k1vΛ (mod Vr−1) for some ak ∈ F,
where 0 ≺ εr ≺ · · · ≺ ε1 and
K := {k = (kr, · · · , k1) | ak 6= 0} 6= ∅.
Let
j = (−1, · · · ,−1, js, · · · , j1) with js 6= −1,
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be the unique maximal element in K (recall (2.7)). Assume that K is not a singleton. Then
j 6= (−1, · · · ,−1). Set
δ = min{{εi, εj − εi | 1 ≤ j < i ≤ r} ∩G+}.
Let ε′ ∈ G+ such that ε
′ ≺ δ. Then
Lε′,−1 · u ≡
∑
kr,··· ,k1∈N
r∑
j=0
−(kj + 1)ε
′akL−εr ,kr · · ·L−εj+1,kj+1
× Lε′−εj ,kj−1L−εj−1,kj−1 · · ·L−ε1,k1vΛ (mod Vr−1).
The term
L−εr ,−1 · · ·L−εs+1,−1Lε′−εs,js−1L−εs−1,js−1 · · ·L−ε1,j1vΛ
appears in Lε,−1 · u, since the corresponding coefficient is −(js + 1)aj 6= 0. Using the same
arguments as above and the induction on max{kr+ · · ·+k1 | ak 6= 0}, we see that there exists
some weight vector u ∈ U(B(G))u0 such that
u ≡
∑
0≺α14···4αr
aαL−α1,−1 · · ·L−αr ,−1vΛ (mod Vr−1) for some aα ∈ F.
Using the same arguments as in Step 1, we can prove the claim.
Step 3. We claim that there exists some ε ∈ G+ such that L−ε,kvΛ ∈ U(B(G))u0 for
k ≥ −1.
By Step 2, there is a weight vector u ∈ U(B(G))u0 such that
u = L−εr ,kr · · ·L−ε1,k1vΛ +
∑
0≤l<r, 0≺α14···4αl
bα,iL−α1,i1 · · ·L−αl,ilvΛ,
for some bα,i ∈ F, where 0 ≺ εr ≺ · · · ≺ ε1. Assume that u /∈ FvΛ.
Set
I0 =
{
α = (α1, · · · , αl) | bα,i 6= 0 for some i
}
, j(0) = min{εr, α1 |α ∈ I0}.
Let ε ∈ G+ such that ε ≺ j
(0). Assume that u ∈Mλ (cf. (2.1)). By relations (1.1), we have
L−λ−ε,ju = f(−λ− ε)L−ε,j+kr+···+k1vΛ +
∑
1≤l<r, 0≺α14···4αl
bα,igα,i(−λ− ε)L−ε,j+i1+···+ilvΛ
=
{
f(−λ− ε) +
∑
1≤l<r, 0≺α14···4αl
i1+···+il=k1+···+kr
bα,igα,i(−λ− ε)
}
L−ε,j+kr+···+k1vΛ
+
∑
1≤l<r, 0≺α14···4αl
i1+···+il 6=k1+···+kr
bα,igα,i(−λ− ε)L−ε,j+i1+···+ilvΛ ∈ U(B(G))u0,
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where in general f(x) and ga,i(x) are determinants:
f(x) =
∣∣∣∣
j+1 kr+1
x −εr
∣∣∣∣
∣∣∣∣
j+kr+1 kr−1+1
x− εr −εr−1
∣∣∣∣ · · ·
∣∣∣∣
j+kr+ · · · +k2+1 k1+1
x− εr − · · · − ε2 −ε1
∣∣∣∣ ,
ga,i(x) =
∣∣∣∣
j+1 i1+1
x −α1
∣∣∣∣
∣∣∣∣
j+ i1+1 i2+1
x− α1 −α2
∣∣∣∣ · · ·
∣∣∣∣
j+ i1+ · · · + ik−1+1 ik+1
x− α1 − · · · − αk−1 −αk
∣∣∣∣ ,
Since deg f(x) = r > deg gα,i(x) for all α ∈ I0, we can find ε ∈ G+ with ε ≺ j
(0) such that
f(−λ− ε) +
∑
1≤l<r, 0≺α14···4αl
bα,igα,i(λ− ε) 6= 0.
So we obtain some vector
u = (a1L−ε,i1 + · · ·+ anL−ε,in)vΛ ∈ U(B(G))u0,
for some 0 6= a1, · · · , an ∈ F. Choosing ε
′ ∈ G+ with ε
′ ≺ ε, using
Lε−ε′,−1u = −(ε− ε
′)(a1(i1 + 1)L−ε′,i1−1 + · · ·+ an(in + 1)L−ε′,in−1)vΛ ∈ U(B(G))u0,
and induction on max{i1, · · · , in}, one can deduce that there exists some ε
′ ≺ ε such that
L−ε′,−1vΛ ∈ U(B(G))u0. Let ε
′′ ∈ G+ such that ε
′′ ≺ ε′. Then
L−ε′′,k−1vΛ = −((k + 1)ε
′)−1Lε′−ε′′,kL−ε′,−1vΛ ∈ U(B(G))u0 for all k ≥ 0.
This proves our claim.
Step 4. We claim that if there exists some ε ∈ G+ such that L−ε,kvΛ ∈ U(B(G))u0 for all
k ≥ −1, then L−x,kvΛ ∈ U(B(G))u0 for all k ≥ −1 and all x ∈ B
′(ε), where B′(ε) is defined
by
B′(ε) = span
Z+
{y ∈ G+ | y 4 ε}.
Let ε′ ∈ G+ such that ε
′ ≺ ε. Then
L−ε′,k−1vΛ = −((k + 1)(ε− ε
′))−1Lε−ε′,−1L−ε,kvΛ ∈ U(B(G))u0.
Since
(k + 1)ε′L−(ε+ε′),k−1vΛ = L−ε′,−1L−ε,kvΛ − L−ε,kL−ε′,−1vΛ ∈ U(B(G))u0,
it follows that L−(ε′+ε),kvΛ ∈ U(B(G))u0 for all k ≥ −1. Similarly, we deduce that
L−x,kvΛ ∈ U(B(G))u0 for all k ≥ −1 and all x ∈ Z+ε+ Z+ε
′.
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Our claim follows.
By Step 3, we have L−ε′,−1vΛ ∈ U(B(G))u0 for some ε
′ ∈ G+. From
Lε′,−1L−ε′,−1vΛ = ε
′c · vΛ = Λ(c)vΛ,
Lε′,kL−ε′,−1vΛ = −(k + 1)ε
′L0,k−1vΛ = −(k + 1)ε
′Λ(L0,k−1)vΛ for k ≥ 0,
it is easy to see that vΛ ∈ U(B(G))u0 if Λ 6= 0, hence in this case, M(Λ,≻) is irreducible.
On the other hand, if Λ = 0, then it is clear that
M ′(0, 0) =
∑
k>0, α1,··· ,αk∈G+
FL−a1,i1 · · ·L−αk ,ikv0
is a proper U(B(G))-submodule. Assume that for all x, y ∈ G+ there exists a positive
integer n such that nx < y. By Steps 1–4, there exists ε′ ∈ G+ such that L−nε′,−1v0 ∈
M ′(0, 0) for all n ∈ N . Thus for any z ∈ G+, using y = nε
′ < z for some n ∈ N , we have
L−z,k−1v0 = −((k + 1)y)
−1Ly−z,kL−y,−1v0 ∈M
′(0, 0) for all k ∈ Z+.
We see that M ′(0, 0) is in fact an irreducible B(G)-module.
If there exists x, y ∈ G+ such that Nx ≺ y, then B(x) ≺ y (cf. (2.2)). It is easy to verify
that
W ′ = U(B(G)){L−z,k | z ∈ B(x), k ≥ −1}vΛ,
is a proper submodule of M ′(0, 0) since L−yvΛ /∈ W
′.
(2) Suppose the order “ ≻” is discrete (recall (2.4)). Note that aZ ⊆ G. For any x ∈ G,
we write x ≻ aZ if x ≻ na for any n ∈ Z . Let
H+ =
{
x ∈ G
∣∣ x ≻ aZ
}
, H− = −H+.
Denote by B(H+) the subalgebra of B(G) generated by {Lα,k |α ∈ H+, k ≥ −1}. It is not
difficult to see that G = aZ ∪H+ ∪H−. Obviously, B(H+)Ma(Λ,≻) = 0. Since
M(Λ,≻) ∼= U(B(G))⊗U(B(aZ )+B(H+)) Ma(Λ,≻),
it follows that the irreducibility of B(G)-module M(Λ,≻) imply the irreducibility of B(aZ)-
module Ma(Λ,≻).
Conversely, suppose Ma(Λ,≻) is an irreducible B(aZ)-module. Let u0 /∈ FvΛ be any
given weight vector in M(Λ,≻). Then u0 ∈ Vr \Vr−1 for some r ∈ N. We want to prove that
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U(B(G))u0 ∩Ma(Λ,≻) 6= {0}, from which the irreducibility of M(Λ,≻) as a B(G)-module
follows immediately.
Write
u0 ≡
∑
α′
1
,··· ,α′s∈H+, α1,··· ,αr−s∈aZ+,
α′
1
<···<α′s, α1<···<αr−s
aα¯,j¯L−α′1,j′1 · · ·L−α′s,j′sL−α1,j1 · · ·L−αr−s,jr−svΛ (mod Vr−1),
for some aα¯,j¯ ∈ F, where jt ≥ jt+1 if αt = αt+1, and j
′
t ≥ j
′
t+1 if α
′
t = α
′
t+1, and
(α¯, j¯) = (α′1, · · · , α
′
s, α1, · · · , αr−s, j
′
1, · · · , j
′
s, j1, · · · , jr−s).
Let
I¯ =
{
(α′1, · · · , α
′
s, α1, · · · , αr−s, j
′
1, · · · , j
′
s, j1, · · · , jr−s) | aα¯,j¯ 6= 0
}
.
By assumption, I¯ 6= ∅.
For any
(α¯, j¯) = (α′1, · · · , α
′
s, α1, · · · , αr−s, j
′
1, · · · , j
′
s, j1, · · · , jr−s) ∈ I¯ ,
(γ¯, l¯) = (γ′1, · · · , γ
′
t, γ1, · · · , γr−t, l
′
1, · · · , l
′
t, l1, · · · , lr−t) ∈ I¯,
we define (α¯, j¯) ≻′ (γ¯, l¯) if and only if (cf. (2.6)–(2.8))
(αr−s, ···, α1, α
′
s, ···, α
′
1, jr−s, ···, j1, j
′
s, ···, j
′
1) ≻ (γr−t, ···, γ1, γ
′
t, ···, γ
′
1, lr−t, ···, l1, l
′
t, ···, l
′
1).
Let
(β¯, i¯) = (β ′1, · · · , β
′
1, β
′
t+1, · · · , β
′
m, β1, · · · , βr−m, i
′
1, · · · , i
′
t, i
′
t+1, · · · , i
′
m, i1, · · · , ir−m)
with β ′1 6= β
′
t+1, be the unique maximal element in I¯ with respect to ≻
′. Note that β ′1−α
′
k−
a < 0 if β ′1 6= α
′
k. Then for k1 ≫ 0, we have
u(1) := Lβ′
1
−a,k1u0 ≡
∑
α′1,··· ,α
′
s−1∈H+, α1,··· ,αr−s∈aZ+,
α′
1
<···<α′s−1, α1<···<αr−s, k
′
1
∈N
a
(1)
α¯,j¯
L−α′
1
,j′
1
· · ·L−α′s−1,j′s−1
× L−a,k′
1
L−α1,j1 · · ·L−αr−s,jr−svΛ (modVr−1),
for some a
(1)
α¯,j¯
∈ F. Set
I¯(1) = {(α′1, · · · , α
′
s−1, a, α1, · · · , αr−s, j
′
1, · · · , j
′
s−1, k
′
1, j1, · · · , jr−s) | a
(1)
α¯,j¯
6= 0}.
(β¯, i¯)(1)=(β ′1, ···, β
′
1, β
′
t+1, ···, β
′
m, a, β1, ···, βr−m, i
′
1, ···, i
′
t−1, i
′
t+1, ···, i
′
m, k1 + i
′
t, i1, ···, ir−m).
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The term
L−β′
1
,i′
1
· · ·L−β′
1
,i′t−1
L−β′t+1,i′t+1 · · ·L−β′m,i′mLa,k1+i′tLβ1,i1 · · ·L−βr−m,ir−mvΛ
appears in u(1) since the corresponding coefficient is
−m((k1 + 1)β
′
1 + (i
′
s + 1)(β
′
1 − a))aβ¯,¯i 6= 0 for some m ∈ N .
Thus I¯(1) 6= ∅. Now for l = 2, · · · , r, we define recursively and prove by induction that
(i) Choose kl ≫ 0 and let u(l) = Lβ′
m−l+1
−a,klu(l− 1). Then
u(s) ≡
∑
k′
1
,·,k′
l
∈N , α′
1
,··· ,α′
s−l
∈H+,
α1,··· ,αr−s∈aZ+
a
(l)
α¯,j¯
L−α′
1
,j′
1
· · ·L−α′
s−l
,j′
s−l
× L−a,k′
l
· · ·L−a,k′
1
L−α1,j1 · · ·L−αr−s,jr−svΛ (mod Vr−1),
for some a
(l)
α¯,j¯
∈ F, where α′1 < · · · < α
′
s−l, α1 < · · · < αr−s.
(ii) Let
I¯(l) = {(α′1, · · · , α
′
s−l, a, · · · , a, α1, · · · , αr−s, j
′
1, · · · , j
′
s−l, k
′
l, · · · , k
′
1, j1, · · · , jr−s) | a
(s)
α¯,j¯
6= 0}.
Then I¯(l) 6= ∅.
Now letting l = m and noting that u(m) is a weight vector, we obtain that 0 6= u(m) ∈
U(B(G))u0 ∩Ma(Λ,≻) as required. 
§3. Verma modules over B(Z)
Following [S1], we realize the Lie algebra B(Z) in the space F[x, x−1, t] ⊕ Fc with the
bracket
[xαf(t), xβg(t)] = xα+β(βf ′(t)g(t)− αf(t)g′(t)) + αδα,−βf(0)g(0)c, (3.1)
for α, β ∈ Z , f(t), g(t) ∈ F[t], where the prime stands for the derivative d
d t
.
We denote
Lα,i = x
αti+1 for α ∈ Z , i ≥ −1.
Then (3.1) is equivalent to (1.1).
We always use the normal order on Z . Denote by M(Λ) the Verma B(Z)-module with
highest weight vector vΛ. Suppose M(Λ) is reducible. Let M
′ denote the maximal proper
submodule of M(Λ), and set L(Λ) = M(Λ)/M ′, the irreducible highest weight module of
weight Λ. Set
A = {a ∈ B(Z) | avΛ ∈M
′} and P = A+ B(Z)0.
Clearly, B(Z)+ ⊂ A, and P is a subalgebra of B(Z).
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Lemma 3.1 P is a parabolic subalgebra of B(Z), namely,
P ⊃ B(Z)0 + B(Z)+ 6= P. (3.2)
Proof. The proof of (3.2) is equivalent to proving
P ∩ B(Z)m 6= 0 for some m < 0. (3.3)
Let n be the minimal positive integer such that U(B(Z))−nvΛ ∩M
′ 6= 0. If n = 1, 2, one can
easily verify that (3.3) holds. Assume that n > 2. Then there exists a vector u of weight −n
in M ′. Write
u =
∑
1≤l≤n,α1≤···≤αl
α1+···αl=−n
cα,jx
−α1tj1 . . . x−αltjlvΛ ∈M
′ for some cα,j ∈ F,
where α = (α1, · · · , αl), j = (j1, · · · , jl), and js ≤ js+1 if αs = αs+1 for 1 ≤ s ≤ l − 1.
Moreover, we denote
(α, j) = (α1, · · · , αl, j1, · · · , jl), and 1 = (−1, · · · ,−1) (n copies of −1’s).
Claim 1 c1,j 6= 0 for some j.
Write (recall (2.5))
u ≡
∑
0<α1≤···≤αr,
α1+···αl=−n
cα,jx
−α1tj1 . . . x−αr tjrvΛ (mod Vr−1),
where J = {(α, j) | cα,j 6= 0} 6= ∅. Assume that there exists (α, j) ∈ J such that α 6= 1. Let
(β, i) = (1, · · · , 1, βs, · · · , βr, i1, · · · , is−1, is, · · · , ir)
be the unique maximal element in J (here we use the order defined as in (2.8)), where s ≥ 1
and βs 6= 1. By assumption, we have s 6= r + 1. Then for k ≫ 0,
xtk · u ≡
∑
α′
1
≤···≤α′r
cα′,j′x
−α′
1tj
′
1 . . . x−α
′
rtj
′
rvΛ (mod Vr−1).
Set
J ′ = {(α′, j′) = (α′1, · · · , α
′
r, j
′
1, · · · , j
′
r) | cα′,j′ 6= 0},
(β, j)′ = (1, · · · , 1, βs − 1, βs+1, · · · , βr, i1, · · · , is−1, k + is − 1, is+1, · · · , ir)
11
such that (β, j)′ is the unique maximal element in J ′. The term
x−1ti1 . . . x−1tis−1x−βs+1tk+is−1x−βs+1tis+1 · · ·x−βrtirvΛ
appears in xtk ·u since the corresponding coefficient is −m(βsk− is)cβ,i 6= 0 for some m ∈ N .
Thus J ′ 6= ∅ and 0 6= U(B(Z))−n+1vΛ ∩M
′, a contradiction with the assumption. Our claim
follows.
Now we can write
u ≡
∑
i1≤···≤in
cix
−1ti1 . . . x−1tinvΛ +
∑
l1≤···≤ln−1
c′lx
−1tl1 . . . x−1tln−2x−2tln−1vΛ (mod Vn−2),
for some ci, c
′
l ∈ F, where
I ′ = {i = (i1, · · · , in) | ci 6= 0} 6= ∅.
For any i, i′ ∈ I ′, we define i > i′ as in (2.7). Let j = (j1, · · · , jn) be the unique maximal
element in I ′. For k ≫ 0, we have a nonzero weight vector
xtk · u =
∑
i′
1
≤···≤i′n−1
di′x
−1ti
′
1 · · ·x−1ti
′
n−1vΛ (mod Vn−2) for some di′ ∈ F,
since the coefficient corresponding to
(1, · · · , 1, j1, · · · , jn−2, k + jn−1 + jn − 1)
is
m(k + jn−1)(k + jn−1 + jn − 1)cj − (2k + jn−1 + jn)dh 6= 0 for some m ∈ N ,
where h = (j1, · · · , jn−2, jn−1 + jn). Thus 0 6= U(B(Z))−n+1vΛ ∩M
′, a contradiction. Our
lemma follows. 
By the lemma 3.1, we have P−1 = P∩B(Z)−1 6= 0. Let f(t) be the monic ploynomial with
minimal degree such that x−1f(t) ∈ P. We shall call such polynomial charactic polynomial
(cf. [S1, KL]). Set a = x−1f(t). Since M ′ is a proper submodule, we have b · avΛ = 0 for any
b ∈ B(Z)+. From (3.1), we have
[xg(t), x−1f(t)]vΛ = Λ(f
′(t)g(t) + f(t)g′(t)− f(0)g(0)c) = 0 for all g(t) ∈ F[t].
A weight Λ ∈ B(Z)∗0 is described by the central charge c = Λ(c) and its label Λi = Λ(t
i)
for i ≥ 0. We introduce the generating series
∆Λ(z) = c+
∞∑
i=0
zi+1
z!
Λi = c− Λ(ze
zt).
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From [S1] and the above arguments, we obtain the following theorem.
Theorem 3.2 The following conditions are equivalent:
(1) M(Λ) is reducible.
(2) P−1 6= {0}.
(3) ∆Λ(z) is a quasipolynomial.
(4) L(Λ) is quasifinite.
Now Theorem 1.1(1) follows from Theorem 3.2.
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